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1. Introduction
The study of Hom-type algebras arises from the research on Witt and Virasoro type algebras. In 2006,
Hartwig, Larsson and Silvestrov introduced the Hom-Lie algebras which are related to q-deformations
of Witt and Virasoro algebras (see [16]). In a Hom-Lie algebra, the Jacobi identity is replaced by
the so called Hom-Jacobi identity via a homomorphism. In 2008, Makhlouf and Silvestrov (see [24])
introduced the definition of Hom-associative algebras, where the associativity of a Hom-algebra is twisted
by an endomorphism (here we call it the Hom-structure map). The generalized notions, including Hom-
bialgebras, Hom-Hopf algebras were developed in [21], [23], [25]. Further research on various Hom-Lie
structures and Hom-type algebras can be found in [13], [14], [35], and so on. Quasitriangular Hom-
bialgebras were introduced by D. Yau ([33], [34]), to provided a solution of the quantum Hom-Yang-Baxter
equation, a twisted version of the quantum Yang-Baxter equation ([36], [37]). The Hom-Yetter-Drinfeld
modules were investigated by Makhlouf and Panaite in[21], [22] and [38].
An interesting question is to explain Hom-type algebras use the theory of monoidal categories. In
2011, in order to provide a categorical approach to Hom-type algebras, Caenepeel and Goyvaerts ([9])
introduced the notions of Hom-categories and monoidal Hom-Hopf algebras. In a Hom-category, the
associativity and unit constraints are twisted by the Hom-structure maps. A (co)monoid in a Hom-
category is a Hom-(co)algebra, and a bimonoid in a Hom-category is a monoidal Hom-bialgebra. Note
that the main feature of a monoidal Hom-bialgebra is that the Hom-structure maps over the algebra
structure and the coalgebra structure are invertible with each other, hence a monoidal Hom-bialgebra is
a Hom-bialgebra if and only if the Hom-structure map α satisfies α2 = id.
The motivation of this paper is to define and study the Hom-type entwining structures of a Hom-
algebra and a Hom-coalgebra. Entwining structure is proposed by T.Brzezinski and S.Majid in [6] in
defining coalgebra principal bundles. The relevance of entwining structures is raised by the observation
of M. Takeuchi that they provide examples of corings. An entwining structure over a monoidal category
C consists of an algebra A, a coalgebra C and a morphism ϕ : C ⊗ A → A ⊗ C satisfying some axioms
([26]). The entwining modules are both A-modules and C-comodules, with compatibility relation given
by ϕ. Note that the definition of entwined modules generalizes lots of important modules such as Hopf
modules, Doi-Hopf modules, Long-dimodules and Yetter-Drinfeld modules.
Since a monoidal Hom-(co)algebra is a (co)monoid in the so-called Hom category (in [9]), it is not
hard to realize that the entwining structure of a monoidal Hom-algebra and a monoidal Hom-coalgebra
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2is actually an entwining structure in a non-strict monoidal category (see [17], or [15]). However, the
Hom-type entwining structures over the Hom-type (not monoidal Hom-type) algebras and coalgebras are
more complicated, because such a monoidal category C is not exist: the Hom-(co)algebra is a (co)monoid
in C.
Recall from [11] that an entwining structure (C,A, ϕ) is in correspondence with the smash product
structure (A,C∗, R) (see [11], Theorem 8), or equivalently, in correspondence with the smash coprod-
uct structure (A∗, C, V ) (see [11], Theorem 12). Note that in a monoidal category C, if X and Y are
(co)algebras, S : X ⊗ Y → Y ⊗X is a morphism in C, then _⊗X and _⊗ Y are all (co)monads on C,
and (X,Y, S) is a so-called smash (co)product structure if and only if S induces a (co)monad distributive
law _ ⊗ S : _ ⊗X ⊗ Y ⇒ _ ⊗ Y ⊗X in C (see [10], [32]). Consequently, we can get that an entwining
structure is in correspondence with the (co)monad distributive law. Inspired by this conclusion, we can
define the Hom-type entwining structure through a similar way.
The research on monads and comonads began in the 1950’s. The earlier article about the theory of
monads can be found in [2], [12] and [19] and so on. In 2002, Moerdijk ([28]) used a comonoidal monad to
define a bimonad. Although Moerdijk called his bimonad "Hopf monad", the antipode was not involved
in his definition. In 2007, A.Bruguieres and A.Virelizier ([3]) introduced the notion of Hopf monad with
antipode in another direction, which is different from Moderijk. Because of their close connections with
the monoidal structures, the theory of A.Bruguieres and A.Virelizier had developed rapidly and got many
fundamental achievements (see [4], [5], [8], etc.).
In 2015, Zhang and Wang (see [39]) showed that the tensor functor _⊗H of a Hom-bialgebra H is a
bimonad on a special monoidal category, and a bicomonad on another monoidal category. Hence we can
use the theory of (co)monads to define the smash (co)products of Hom-(co)algebras, and the Hom-type
entwining structures. Therefore one is prompted to ask several questions:
• Does a (co)monad distributive law induced a smash (co)product of Hom-(co)algebras?
• Is it possible to characterize Hom-type entwining structures obtained from (co)monad distributive
laws or the smash (co)products of Hom-(co)algebras?
•What are the Hom-entwining structures and Hom-entwined modules? Are the same as the monoidal
Hom-case?
• When does the category of the Hom-entwined modules becomes a monoidal category?
• Does the Hom-entwined modules can be view as the generalization of some important Hom-type
modules such as Hom-Yetter-Drinfeld modules, Hom-Long dimodules?
The aim of this paper is to answer these questions. In order to investigate these questions, we always
assume that the Hom-(co)algebras in this paper is (co)unital, and the Hom structure map α and its
(co)representations are all bijective maps.
The paper is organized as follows. In Section 2 we recall some basic notions such as comonads,
comonad distributive laws and Hom-(co)algebras. In section 3, we use the theory of 2-categories to
give some necessary and sufficient conditions for the category of bicomodules of a comonad distributive
law being monoidal. In section 4, we mainly show that the comonad distributive laws can deduce the
smash coproduct of two Hom-coalgebrs H and B, and describe the Hom-coalgebra structure of the
smash coproduct B ⊗H . We also give the necessary and sufficient conditions for B ⊗H being a Hom-
bialgebra. In section 5, We take B = A∗cop to investigate the definition of the Hom-entwining structures
and the n-th Hom-entwined modules, and discuss the monoidal structure on the category of n-th Hom-
entwined modules. We find that M(Φ)HA (n) is isomorphic to the corepresentations of the Hom-type
smash coproduct structures. The notion of Hom-monoidal entwining structures is also introduced, and
we prove that M(Φ)HA (n) is a monoidal category if and only the Hom-entwining structure is actually
a Hom-monoidal entwining structure. Finally, in section 6, we consider the Hom-Doi-Hopf modules,
Hom-Yetter-Drinfeld modules and Hom-Long dimodules for application. The Hom-type D-Equation and
Hom-type Yang-Baxter Equation are also discussed.
32. Preliminaries
Throughout the paper, we let Z be the set of all integers, let k be a fixed field and char(k) = 0 and
V eck be the category of finite dimensional k-spaces. All the (Hom-type) algebras and coalgebras, (Hom-
type) modules and comodules are supposed to be in V eck. For the comultiplication ∆ of a k-module C,
we use the Sweedler-Heyneman’s notation: ∆(c) = c1 ⊗ c2 for any c ∈ C.
2.1. Comonads and bicomonads.
Let C be a category, F : C→C be a functor. Recall from [2] or [31] that if there exist natural transfor-
mations ∆: F → FF and ε: F → idC , such that the following identities hold
Fδ ◦∆ = δF ◦∆, and idF = Fε ◦∆ = εF ◦∆,
then we call the triple (F,∆, ε) a comonad on C.
Let X ∈ C, and (F,∆, ε) a comonad on C. If there exists a morphism ρX : X→FX , satisfying
GρX ◦ ρX = ∆X ◦ ρ
X , and εB ◦ ρ
X = idX ,
then we call the couple (X, ρX) an F-comodule.
A morphism between F -comodules g: X → X ′ is called F -colinear in C, if g satisfies: Fg◦ρX = ρX
′
◦g.
The category of F -comodules is denoted by CF .
Let C be a category on which (F,∆, ε) and (G, δ, ǫ) are two comonads. A natural transformation ϕ:
FG→GF is called a comonad distributive law, if ϕ induces the following commutative diagrams:
FG
ϕ

(L1)
Fδ // FGG
ϕG
// GFG
Gϕ

GF
δF
// GGF,
FG
(L2)ϕ

∆G // FFG
Fϕ
// FGF
ϕF

GF
G∆
// GFF,
FG
ϕ
//
εG
(L3)
""❊
❊❊
❊❊
❊❊
❊ GF
Gε

G,
FG
ϕ
//
Fǫ

GF
ǫF
(L4)
||②②
②②
②②
②②
②
F
Remark 2.1. Recall from [7], we know that ϕ is a comonad distributive law if and only if one of the
following statements hold:
(1). there is a lifting Fˆ :CG → CG induced by F ;
(2). (FG,FϕG ◦∆δ, εǫ) is a comonad on C.
Definition 2.2. If ϕ : FG → GF is a comonad distributive law, then we call the comonad FG =
(FG,FϕG ◦∆δ, εǫ) the smash coproduct of F and G.
Let C be a category, ϕ : FG → GF be a comonad distributive law, M ∈ C, (M, θM ) an F -comodule,
and (M,ρM ) a G-comodule. If the diagram
M
ρM

θM // FM
F (ρM )
// FGM
ϕM

GM
G(θM)
// GFM
is commutative, then we call the triple (M, θM , ρM ) an (F,G)-bicomodule or ϕ-bicomodules.
A morphism between two ϕ-bicomodules is called a bicomodule morphism if it is both F -colinear and
G-colinear. The category of ϕ-bicomodules is denoted by C(F,G)(ϕ).
4Remark 2.3. Recall from [7], we know that the (F,G)-bicomodule is equivalent to FG-comodule.
Let (C,⊗, I, a, l, r) be a monoidal category, (G, δ, ǫ) a comonad on C, and G also a monoidal functor,
i.e., there exists a natural transformation G2: G ⊗ G → G⊗ and a morphism G0: I → G(I) in C, such
that for any X,Y, Z ∈ C, the following equations hold:
G2(X,Y ⊗ Z) ◦ (idG(X) ⊗G2(Y, Z)) ◦ aGX,GY,GZ
= G(aX,Y,Z) ◦G2(X ⊗ Y, Z) ◦ (G2(X,Y )⊗ idG(Z)),
G(rX) ◦G2(X, I) ◦ (idG(X) ⊗G0) ◦ r
−1
GX
= idG(X) = G(lX) ◦G2(I,X) ◦ (G0 ⊗ idG(X)) ◦ l
−1
GX .
Then recall from [3] that G is called a bicomonad (or a monoidal comonad) on C if the following identities
hold
(C1) G(G2(X,Y )) ◦G2(GX,GY ) ◦ (δX ⊗ δY ) = δX⊗Y ◦G2(X,Y );
(C2) ǫX⊗Y ◦G2(X,Y ) = ǫX ⊗ ǫY ;
(C3) G(G0) ◦G0 = δI ◦G0;
(C4) ǫI ◦G0 = idI .
From the above definition one can see that (I,G0) ∈ C
G.
Remark 2.4. Suppose that (G, δ, ǫ) is a comonad, and (G,G2, G0) is a monoidal functor on a monoidal
category (C,⊗, I, a, l, r). If we define the G-coaction on I by G0, and define the following monoidal
structure
ρM⊗N : M ⊗N
ρM⊗ρN
// GM ⊗GN
G2(M,N)
// G(M ⊗N),
for any (M,ρM ), (N, ρN ) ∈ CG, then (CG,⊗, I, a, l, r) is a monoidal category if and only ifG = (G, δ, ε,G2, G0)
is a bicomonad on C.
2.2. Hom-bialgebras and Hom-Hopf algebras
In this section, we will review several definitions and notations related to (finite dimensional) Hom-
bialgebras.
Recall from [1] that a Hom-algebra over k is a quadruple (A, µ, 1A, α), in which A is a k-module,
α : A → A, µ : A ⊗ A → A are linear maps, and 1A ∈ A, satisfying the following conditions, for all
a, b, c ∈ A:
α(a)(bc) = (ab)α(c), α(1A) = 1A, 1Aa = a1A = α(a).
Recall from [1] that a Hom-coalgebra over k is a quadruple (C,α,∆, ǫ), in which C is a k-module,
α : C → C, ∆ : C → C ⊗ C and ǫ : C → k are linear maps, with notation ∆(c) = c1 ⊗ c2, satisfying the
following conditions for all c ∈ C:
ǫ ◦ α = ǫ, α(c1)⊗∆(c2) = ∆(c1)⊗ α(c2), ǫ(c1)c2 = c1ǫ(c2) = α(c).
Note that in the earlier definition of Hom-(co)algebras by Makhlouf and Silvestrov (see [23] or [24]), an
axiom was redundant as shown in [1]. The reader will easily check that the definition above is equivalent
to the one in those papers.
Let (H,α) be a Hom-algebra. A left (H,α)-Hom-module is a triple (M,αM , θM ), whereM is a k-space,
αM : M → M and θM : H ⊗M → M are linear maps with notation θM (h ⊗m) = h ·m, satisfying the
following conditions, for all h, h′ ∈ H , m ∈M ,{
(1) α(h) · (h′ ·m) = (hh′) · αM (m);
(2) 1H ·m = αM (m).
A morphism f :M → N of Hom-modules is a k-linear map such that θN ◦ (idH ⊗ f) = f ◦ θM .
Let C be a Hom-coalgebra. Recall that a right C-comodule is a triple (M,αM , ρ
M ), where M is a
k-module, αM : M → M and ρ
M : M → M ⊗ C are linear maps with notation ρM (m) = m0 ⊗ m1,
5satisfying the following conditions for all m ∈M :{
(1) αM (m0)⊗∆(m1) = ρ
M (m0)⊗ α(m1);
(2) ǫ(m1)m0 = αM (m).
A morphism f :M → N of C-comodules is a linear map such that ρN ◦ f = (idC ⊗ f) ◦ ρ
M .
Recall that in the earlier definition of Hom-(co)modules by Makhlouf and Silvestrov, there is also a
redundant axiom (see [1] for details).
Recall from [25] that a Hom-bialgebra over k is a sextuple H = (H,µ, η,∆, ε, α), in which (H,α, µ, η)
is a Hom-algebra, (H,α,∆, ε) is a Hom-coalgebra, and ∆, ε are morphisms of Hom-algebras preserving
unit.
Recall from [25] that a Hom-Hopf algebra over k is a Hom-bialgebra (H,α) together with a k-linear
map S : H → H (called the antipode) such that
S ∗ id = id ∗ S = ηε, S ◦ α = α ◦ S.
Let (H,α) be a Hom-Hopf algebra. Note that if α is invertible, then for all a, b ∈ H , S satisfies
S(ab) = S(b)S(a), S(1H) = 1H ,
∆(S(a)) = S(a2)⊗ S(a1), ε ◦ S = ε.
3. The monoidal structure of C(F,G)(ϕ)
Throughout this section, assume that (C,⊗, I, a, l, r) is a monoidal category on which (F,∆, ε) and
(G, δ, ǫ) are bicomonads, and ϕ : FG→ GF is a comonad distributive law.
Notice that for any X ∈ C, if we define
θFGX : FGM
∆GM // FFGM
and
ρFGX : FGX
F (δX )
// FGGX
ϕGX
// GFGX ,
then it is easy to check that (FGX, θFGX , ρFGX) ∈ C(F,G)(ϕ).
Lemma 3.1. Let (X, θX , ρX) and (Y, θY , ρY ) be objects in C(F,G)(ϕ). If the F -coaction θX⊗Y and G-
coaction ρX⊗Y on X ⊗ Y are given by
θX⊗Y : X ⊗ Y
θX⊗θY
// FX ⊗ FY
F2(X,Y )
// F (X ⊗ Y )
and
ρX⊗Y : X ⊗ Y
ρX⊗ρY
// GX ⊗GY
G2(X,Y )
// G(X ⊗ Y ) ,
then (C(F,G)(ϕ),⊗, I, a, l, r) is a monoidal category if and only if (F,G, ϕ) satisfies the following equations
for any M,N ∈ C:
a) ϕM⊗N ◦ F (G2(M,N)) ◦ F2(GM,GN) = G(F2(M,N)) ◦G2(FM,FN) ◦ (ϕM ⊗ ϕN );
b) ϕI ◦ F (G0) ◦ F0 = G(F0) ◦G0.
Proof. ⇒): By the assumption, we have (FGM ⊗ FGN, θFGM⊗FGN , ρFGM⊗FGN ) ∈ CGF (ϕ) for any
M,N ∈ C, i.e.
G(F2(FGM,FGN)) ◦G(∆GM ⊗∆GN ) ◦G2(FGM,FGN) ◦ (ϕGM ⊗ ϕGN ) ◦ (FδM ⊗ FδN )
= ϕFGM⊗FGN ◦ F (G2(FGM,FGN)) ◦ F (ϕGM ⊗ ϕGN ) ◦ F (FδM ⊗ FδN) ◦ F2(FGM,FGN)
◦(∆GM ⊗∆GN ).
Multiplied by GF (ǫM ⊗ ǫN) ◦GF (εGM ⊗ εGN) right on both sides of the above identity, we immediately
get the conclusion a). Since (I, F0, G0) ∈ C
(F,G)(ϕ), one can see that b) holds.
6⇐): For anyM,N ∈ C(F,G)(ϕ), it is easy to show that (M⊗N, θM⊗N ) ∈ CF and (M⊗N, ρM⊗N ) ∈ CG.
Then from the following commutative diagram
M ⊗N
θM⊗θN
//
ρM⊗ρN

FM ⊗ FN
F2(M,N)
//
FρM⊗FρN

F (M ⊗N)
F (ρM⊗ρN )

GM ⊗GN
G2(M,N)

GθM⊗GθN
// GFM ⊗GFN
G2(FM,FN)

FGM ⊗ FGN
ϕM⊗ϕN
oo
F2(GM,GN)
// F (GM ⊗GN)
F (G2(M,N))

G(M ⊗N)
G(θM⊗θN )
// G(FM ⊗ FN)
G(F2(M,N))
// GF (M ⊗N) FG(M ⊗N),
ϕM⊗N
oo
we get (M ⊗N, θM⊗N , ρM⊗N ) ∈ CGF (ϕ).
From the assumption b), one can easily get I ∈ C(F,G)(ϕ). 
Definition 3.2. We call ϕ is a monoidal comonad distributive law if the comonad distributive law
ϕ : FG→ GF satisfies condition a) and b) in Lemma 3.1.
Recall from [30] and [31], if C denotes any 2-category, then the following data forms the 2-category of
comonads, which is denoted by Cmd(C) :
• the 0-cell contains an object Y , a 1-cell T : Y → Y in C, together with the comultiplication
δ : T → TT , and the counit ǫ : T → 1Y , which satisfies the coassociative law and the counit law,
respectively;
• the 1-cell in Cmd(C) from (Y, T, δ, ǫ) to (Y ′, T ′, δ′, ǫ′) is a 1-cell W : Y → Y ′ in C together with a
2-cell w :WT ⇒ T ′W in C, satisfying
δ′W ◦ w = T ′w ◦ wT ◦Wδ, and ǫ′W ◦ w = Wǫ;
• the 2-cell in Cmd(C) from (W,w) to (V, v) is a 2-cell χ : W ⇒ V in C which satisfies
v ◦ χT = T ′χ ◦ w.
Similarly, the following data forms a 2-category CC(C) of the distributive laws:
• the 0-cell (C,D, T, ϕ) consists of an object C of C, (D,∆, ε) and (T, δ, ǫ) are comonads on C,
ϕ : DT ⇒ TD is a comonad distributive law;
• the 1-cell (J, jd, jt) : (C,D, T, ϕ) → (C
′, D′, T ′, ϕ′) consists of a 1-cell J : C → C′ in C, together
with 2-cells jd : JD ⇒ D
′J and jt : JT ⇒ T
′J where jd and jt satisfies
∆′J ◦ jd = D
′jd ◦ jdD ◦ J∆, Jε = ε
′J ◦ jd,
δ′J ◦ jt = T
′jt ◦ jtT ◦ Jδ, Jǫ = ǫ
′J ◦ jt,
and the following diagram:
JDT
jdT

ϕJ
// JTD
jtD // T ′JD
T ′jd

D′JT
D′jt // D′T ′J
ϕ′J
// T ′D′J.
• the 2-cell β : (J, jd, jg)⇒ (H,hd, hg), where β : J ⇒ H is a 2-cell in C, and satisfies:
JD
jd //
βD

D′J
D′β

HD
hd // D′H,
JT
jt //
βT

T ′J
T ′β

HT
ht // T ′H.
Let C = Cat, then we get the following property.
7Proposition 3.3. The following statements are equivalent.
(1) ϕ : FG→ GF is a monoidal comonad distributive law;
(2) F2 : (⊗(F ×F ), G2(F ×F )◦⊗(ϕ×ϕ))⇒ (F⊗, ϕ⊗◦FG2) : (C ×C, G×G, δ× δ, ǫ× ǫ)→ (C, G, δ, ǫ)
and F0 : (I,G0) ⇒ (FI, ϕI ◦ FG0) : (I, id, id, id) → (C, G, δ, ǫ) are 2-cells in the 2-category Cmd(C),
where I means the terminal category;
(3) (⊗, F2, G2) : (C×C, F×F,G×G,ϕ×ϕ)→ (C, F,G, ϕ) and (I, F0, G0) : (I, id, id, id)→ (C, F,G, ϕ)
are 1-cells in CC(C).
Proof. Straightforward. 
Lemma 3.4. ϕ is a monoidal comonad distributive law if and only if the smash coproduct FG is a
bicomonad on C.
Proof. Recall from Remark 2.1 that FG is a comonad on C. Since F and G are both monoidal functors,
FG is also a monoidal functor: for any M,N ∈ C,
(FG)2(M,N) = F (G2(M,N)) ◦ F2(GM,GN); (FG)0 = F (G0) ◦ F0.
⇒: If FG is a bicomonad, thus for M,N ∈ C, we have
FGF (G2(M,N)) ◦ FG(F2(GM,GN)) ◦ F (G2(FGM,FGN)) ◦ F2(GFGM,GFGN)
◦(FϕGM ⊗ FϕGN ) ◦ (∆δM ⊗∆δN )
= FϕG(M⊗N) ◦∆δM⊗N ◦ F (G2(M,N)) ◦ F2(GM,GN).
Multiplied by εGFǫ(M⊗N) right on both sides of the above identity, we immediately get the conclusion
a). Similarly, one can see that b) holds.
⇐: We only check Equations (C1) and (C3). Firstly, for any M,N ∈ C, we have
FGF (G2(M,N)) ◦ FG(F2(GM,GN)) ◦ F (G2(FGM,FGN)) ◦ F2(GFGM,GFGN)
◦(FϕGM ⊗ FϕGN ) ◦ (FFδM ⊗ FFδN) ◦ (∆GM ⊗∆GN )
= FGF (G2(M,N)) ◦ FϕGM⊗GN ◦ FF (G2(GM,GN)) ◦ F (F2(GGM,GGN))
◦F2(FGGM,FGGN) ◦ (FFδM ⊗ FFδN) ◦ (∆GM ⊗∆GN )
= FGF (G2(M,N)) ◦ FϕGM⊗GN ◦ FF (G2(GM,GN)) ◦ FF (δM ⊗ δN ) ◦∆GM⊗GN ◦ F2(GM,GN)
= FϕG(M⊗N) ◦ (FFδM⊗N ) ◦∆G(M⊗N) ◦ F (G2(M,N)) ◦ F2(GM,GN),
thus (C1) holds.
Secondly, consider the following commutative diagram
I
F0 //
F0

FI
F (F0)

F (G0)
// FGI
FG(F0)
// FGFI
FGF (G0)

FI
∆I
//
F (G0)

FFI
FF (G0)

FF (G0)
// FFGI
FFG(G0)

FϕI♣♣♣♣
88♣♣♣♣♣
FGI
∆GI
// FFGI
FFδI
// FFGGI
FϕGI
// FGFGI,
(C3) holds. (C2) and (C4) can be proved similarly. 
Combining Lemma 3.1, Proposition 3.2 and Lemma 3.3, we immediately get the following theorem.
Theorem 3.5. Assume that (C,⊗, I, a, l, r) is a monoidal category, (F,∆, ε) and (G, δ, ǫ) are bicomonads,
and ϕ : FG→ GF is a comonad distributive law on C. Then the following statements are equivalent:
(1) (C(F,G)(ϕ),⊗, I, a, l, r) is a monoidal category, where the monoidal structure is given in Lemma
3.1;
(2) ϕ : FG→ GF is a monoidal comonad distributive law;
8(3) the smash coproduct FG is a bicomonad;
(4) F2 : (⊗(F ×F ), G2(F ×F ) ◦⊗(ϕ×ϕ))⇒ (F⊗, ϕ⊗◦FG2) and F0 : (I,G0)⇒ (FI, ϕI ◦FG0) are
2-cells in the 2-category Cmd(C), where I means the terminal category;
(5) (⊗, F2, G2) : (C×C, F×F,G×G,ϕ×ϕ)→ (C, F,G, ϕ) and (I, F0, G0) : (I, id, id, id)→ (C, F,G, ϕ)
are 1-cells in CC(C).
4. The smash coproduct of Hom-bialgebras
At the beginning of this section, we introduce the following monoidal category H
i,j
(V eck) for any
i, j ∈ Z:
• the objects of H
i,j
(V eck) are pairs (X,αX), where X ∈ V eck and αX ∈ Autk(X);
• the morphism f : (X,αX) → (Y, αY ) in H
i,j
(V eck) is a k-linear map from X to Y such that
αY ◦ f = f ◦ αX ;
• the monoidal structure is given by
(X,αX)⊗ (Y, αY ) = (X ⊗ Y, αX ⊗ αY ),
and the unit is (k, idk);
• the associativity constraint a is given by
aX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z), (x⊗ y)⊗ z 7→ α
i+1
X (x)⊗ (y ⊗ α
−j−1
Z (z));
• for any x ∈ X ∈ V eck and λ ∈ k, the unit constraints l and r are given by
lX(λ⊗ x) = λα
j+1
X (x), l
−1
X (x) = 1k ⊗ α
−j−1
X (x),
rX(x⊗ λ) = λα
i+1
X (x), r
−1
X (x) = α
−i−1
X (x)⊗ 1k.
Now, we assume that (H,αH) is an object in H
i,j
(V eck), mH : H⊗H → H (with notationmH(a⊗b) =
ab), ηH : k→ H (with notation ηH(1k) = 1H), and ∆H : H → H ⊗H (with notation ∆H(h) = h1 ⊗ h2),
and εH : H → k are all morphisms in H
i,j
(V eck). Further, we write
H¨ = _⊗H : H
i,j
(V eck)→ H
i,j
(V eck), (X,αX) 7→ (X ⊗H,αX ⊗ αH)
for the right tensor functor of H .
Lemma 4.1. If we define the following structures on H¨:
• δ : H¨ → H¨H¨ is defined by
δX : X ⊗H → (X ⊗H)⊗H, x⊗ h 7→ (αX(x)⊗ h1)⊗ α
−1
H (h2);
• ǫ : H¨ → id
H
i,j
(V eck)
is given by
ǫX : X ⊗H → X, x⊗ h 7→ εH(h)α
−1
X (x),
then H¨ = (H¨, δ, ǫ) forms a comonad on H
i,j
(V eck) if and only if (H,αH ,∆H , εH) is a Hom-coalgebra
over k. Further, Corep(H) is exactly H
i,j
(V eck)
H¨ .
Proof. ⇒: For any h ∈ H , since the following diagram is commutative:
x⊗ h
δX //
δX

(αX(x) ⊗ h1)⊗ α
−1
H (h2)
δX⊗H

(αX(x) ⊗ h1)⊗ α
−1
H (h2)
δX⊗idH // ((α2X(x)⊗ αH(h1))⊗ α
−1
H (h21))⊗ α
−2
H (h22),
take x = 1k and use ((α
−j−1
H ⊗αH)⊗α
−2
H ) ◦ ((lH ⊗ idH)⊗ idH) to action at the both side of the identity,
then we immediately get that αH(h1)⊗ h21 ⊗ h22 = h11 ⊗ h12 ⊗ αH(h2).
9Similarly, one can show that εH(h1)h2 = h1εH(h2) = αH(h) through the counit law of H¨ . Thus H is
a Hom-coalgebra.
⇐: See [[39], Theorem 4.3]. 
Lemma 4.2. If we define the following structures on H¨:
• H¨2 : H¨ ⊗ H¨ → H¨⊗ is given by
H¨2(X,Y ) : (X ⊗H)⊗ (Y ⊗H)→ (X ⊗ Y )⊗H, (x ⊗ a)⊗ (y ⊗ b) 7→ (x⊗ y)⊗ α
i
H(a)α
j
H(b),
for any X,Y ∈ H
i,j
(V eck);
• H¨0 : k→ H¨(k) is given by
H¨0 : k→ k⊗H, λ 7→ λ⊗ 1H ,
then H¨ = (H¨2, H¨0) is a monoidal functor if and only if (H,αH ,mH , ηH) is a Hom-algebra over k.
Proof. ⇒: For any a, b, c ∈ H , since H¨ is a monoidal functor, consider the following identity
(H¨2(k, k⊗ k) ◦ (idk⊗H ⊗ H¨2(Y, Z)) ◦ ak⊗H,k⊗H,k⊗H)(((1k ⊗ α
−2i
H (a))⊗ (1k ⊗ α
−i−j
H (b)))
⊗(1k ⊗ α
−j+1
H (c)))
= ((ak,k,k ⊗H) ◦ H¨2(k⊗ k, k) ◦ (H¨2(k, k)⊗ idk⊗H)(((1k ⊗ α
−2i
H (a))⊗ (1k ⊗ α
−i−j
H (b)))
⊗(1k ⊗ α
−j+1
H (c))),
thus we have αH(a)(bc) = (ab)αH(c).
We can get a1H = 1Ha = αH(a) in a similar way.
⇐: See [[39], Theorem 4.3]. 
Theorem 4.3. If we define δ, ǫ, and H¨2, H¨0 as in Lemma 4.1 and Lemma 4.2, then the following
statements are equivalent:
(1) H¨ is a bicomonad on H
i,j
(V eck);
(2) (H,αH ,mH , ηH ,∆H , εH) is a Hom-bialgebra over k;
(3) Corep(H) is a monoidal category. Precisely, the monoidal structure in Corep(H) is given by
θU⊗V (u⊗ v) := u(0) ⊗ v(0) ⊗ α
i
H(u(1))α
j
H(v(1)),
where U, V are all H-Hom-comodules, u ∈ U , v ∈ V . The associativity constraint and the unit constraint
in Corep(H) are same to H
i,j
(V eck). We denote this monoidal category by Corep
i,j(H). Further,
H
i,j
(V eck)
H¨ is also a monoidal category, and Corepi,j(H) is identified to H
i,j
(V eck)
H¨ as a monoidal
category.
Proof. (1)⇒(2): We already know that H¨ is both a Hom-algebra and a Hom-coalgebra because Lemma
4.1 and Lemma 4.2.
For any a, b ∈ H , since equation (C1) holds, we have
((H¨2(k, k) ⊗ idH) ◦ H¨2(k⊗H, k⊗H) ◦ (δX ⊗ δY ))((1k ⊗ α
−i
H (a))⊗ (1k ⊗ α
−j
H (b)))
= (δk⊗k ◦ H¨2(k, k))((1k ⊗ α
−i
H (a))⊗ (1k ⊗ α
−j
H (b))),
which implies (ab)1 ⊗ (ab)2 = a1b1 ⊗ a2b2. Similarly, (C2) implies εH preserve the multiplication, (C3)
and (C4) mean ∆H and εH preserve the unit, respectively. Thus H is a Hom-bialgebra.
(2)⇒(3): See [[39], Theorem 6.2].
(3)⇒(1): See Remark 2.4. 
Now we suppose that B = (B,αB) and H = (H,αH) are two Hom-coalgebras over k, B¨ = _ ⊗ B,
H¨ = _ ⊗ H mean the tensor functor defined as above. Let ϕ : B ⊗ H → H ⊗ B (with notation
ϕ(b ⊗ h) =
∑
hϕ ⊗ bϕ) be a k-linear map satisfying
ϕ ◦ (αB ⊗ αH) = (αH ⊗ αB) ◦ ϕ.
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For any (X,αX) ∈ H
i,j
(V eck), if we define the natural transformation ϕ¨(n)X : H¨B¨(X)→ B¨H¨(X) by
ϕ¨(n)X : (X ⊗B)⊗H → (X ⊗H)⊗B, (x⊗ b)⊗ h 7→
∑
(x⊗ αH(h)
ϕ
)⊗ αnB(α
−n−1
B (b)
ϕ
),
where n is an integer, then we have the following property.
Proposition 4.4. ϕ¨(n) : H¨B¨ → B¨H¨ is a comonad distributive law for any n ∈ Z if and only if the
following equalities hold:
(M1)
∑
αH(h)
ϕφ
⊗ b1
φ ⊗ b2
ϕ =
∑
αH(h
ϕ)⊗ bϕ1 ⊗ b
ϕ
2;
(M2)
∑
h1
ϕ ⊗ h2
φ ⊗ αB(b)
ϕφ
=
∑
hϕ1 ⊗ h
ϕ
2 ⊗ αB(b
ϕ);
(M3)
∑
εH(h
ϕ)bϕ = εH(h)b;
(M4)
∑
εB(b
ϕ)hϕ = εB(b)h.
Proof. ⇒: Assume that ϕ¨(n) : H¨B¨ → B¨H¨ is a comonad distributive law. Then from Diagram (L1), we
get the following identity
((ϕ¨(n)k ⊗ idB) ◦ ϕ¨(n)k⊗B ◦ ((δB¨)k ⊗ idH))((1k ⊗ α
n+1
B (b))⊗ α
−1
H (h))
= ((δB¨)k⊗H ◦ ϕ¨(n)k)((1k ⊗ α
n+1
B (b))⊗ α
−1
H (h)),
which implies (M1) holds.
The other equations can be deduced through a similar way.
⇐: Conversely, for any (X,αX) ∈ H
i,j
(V eck), note that ϕ¨(n)X is a morphism in H
i,j
(V eck). Then
for any x ∈ X , b ∈ B, h ∈ H , we consider
((ϕ¨(n)X ⊗ idB) ◦ ϕ¨(n)X⊗B ◦ ((δB¨)X ⊗ idH))((x ⊗ b)⊗ h)
= (ϕ¨(n)X ⊗ idB)(
∑
((αX(x)⊗ b1)⊗ αH(h)
ϕ)⊗ αnB(α
−n−2
B (b2)
ϕ
))
=
∑
((αX(x)⊗ αH(αH(h)
ϕ
)
φ
)⊗ αnB(α
−n−1
B (b1)
φ
))⊗ αnB(α
−n−2
B (b2)
ϕ
)
=
∑
((αX(x)⊗ αH(αH(h)
ϕφ
))⊗ αn+1B (α
−n−2
B (b1)
φ
))⊗ αnB(α
−n−2
B (b2)
ϕ
)
(M1)
=
∑
((αX(x)⊗ α
2
H(h
ϕ))⊗ αn+1B (α
−n−2
B (b)
ϕ
1))⊗ α
n
B(α
−n−2
B (b)
ϕ
2)
=
∑
((αX(x)⊗ αH(αH(h)
ϕ
))⊗ αnB(α
−n−1
B (b)
ϕ
1))⊗ α
n−1
B (α
−n−1
B (b)
ϕ
2)
= (δB¨)X⊗H(
∑
(x ⊗ αH(h)
ϕ
)⊗ (αnB(α
−n−1
B (b)
ϕ
)))
= ((δB¨)X⊗H ◦ ϕ¨(n)X)((x ⊗ b)⊗ h),
thus the Diagram (L1) is commute. Similarly to Diagram (L2) - (L4). 
Definition 4.5. Suppose that (B,αB) and (H,αH) are two Hom-coalgebras over k, ϕ : B⊗H → H⊗B
(with notation ϕ(b ⊗ h) =
∑
hϕ ⊗ bϕ) is a k-linear map satisfying ϕ ◦ (αB ⊗ αH) = (αH ⊗ αB) ◦ ϕ. If ϕ
satisfies Eqs. (M1) - (M4), then we call ϕ : B ⊗H → H ⊗B a Hom-cotwistor.
Further, B ⊗H = (B ⊗ H,αB ⊗ αH ,∆B⊗H , εB⊗H) is called the smash coproduct of Hom-coalgebras
B and H .
Theorem 4.6. Let B,H,ϕ and ϕ¨(n) are defined as above. If we define ∆B⊗H : B ⊗H → (B ⊗H) ⊗
(B ⊗H), εB⊗H : B ⊗H → k by
∆B⊗H(b⊗ h) :=
∑
(b1 ⊗ h1
ϕ)⊗ (b2
ϕ ⊗ h2),
εB⊗H(b ⊗ h) := εB(b)εH(h), where b ∈ B, h ∈ H,
then the following statements are equivalent:
(1) ϕ is a Hom-cotwistor;
(2) ϕ¨(n) : H¨B¨ → B¨H¨ is a comonad distributive law;
(3) H¨B¨ = (_ ⊗B)⊗H is a comonad in H
i,j
(V eck);
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(4) The smash coproduct, B ⊗H = (B ⊗H,αB ⊗ αH ,∆B⊗H , εB⊗H), is a Hom-coalgebra over k;
(5) _⊗ (B ⊗H), the right tensor functor of B ⊗H, is a comonad in H
i,j
(V eck).
Proof. (1)⇔(2): See Proposition 4.4.
(2)⇔(3): See Remark 2.1.
(1)⇒(4): For any b ∈ B, h ∈ H , it is a direct computation to check that
∆B⊗H(αB(b)⊗ αH(h)) = ((αB ⊗ αH)⊗ (αB ⊗ αH))(∆B⊗H(b⊗ h)),
and
εB⊗H(αB(b)⊗ αH(h)) = εB(b)εH(h) = εB⊗H(b ⊗ h).
Secondly, we have ∑
αB(b1)⊗ αH(h1
ϕ)⊗ b2
ϕ
1 ⊗ h21
φ ⊗ b2
ϕ
2
φ
⊗ h22
(M1)
=
∑
αB(b1)⊗ αH(h1)
ϕψ
⊗ b21
ψ ⊗ h21
φ ⊗ b22
ϕφ ⊗ h22
=
∑
b11 ⊗ h11
ϕψ ⊗ b12
ψ ⊗ h12
φ ⊗ αB(b2)
ϕφ
⊗ αH(h2)
(M2)
=
∑
b11 ⊗ h1
ϕ
1
ψ
⊗ b12
ψ ⊗ h12
φ
2 ⊗ αB(b2
ϕ)⊗ αH(h2),
which implies the Hom-coassociative law. Similarly one can get the Hom-counit law. Thus B ⊗H is a
Hom-coalgebra.
(4)⇒(1): If B ⊗H is a Hom-coalgebra, then for any b ∈ B, h ∈ H , we have∑
(αB ⊗ αH)(b1 ⊗ h1
ϕ)⊗∆B⊗H(b2
ϕ ⊗ h2)
=
∑
∆B⊗H(b1 ⊗ h1
ϕ)⊗ (αB ⊗ αH)(b2
ϕ ⊗ h2),
which implies ∑
(αB(b1)⊗ αH(h1
ϕ))⊗ ((b2
ϕ
1 ⊗ h21
φ)⊗ (b2
ϕ
2
φ
⊗ h22))
=
∑
((b11 ⊗ h1
ϕ
1
φ
)⊗ (b12
φ ⊗ h1
ϕ
2))⊗ (αB(b2
ϕ)⊗ αH(h2)).
Use εB ⊗ idH ⊗ idB ⊗ εH ⊗ idB ⊗ εH to action at the above identity, then we get (M1). Use εB ⊗ idH ⊗
εB ⊗ idH ⊗ idB ⊗ εH to action at the above identity, then we get (M2).
Similarly, one can get (M3) and (M4) through the Hom-counit law of B ⊗H .
(4)⇔(5): See Lemma 4.1. 
Note that if ϕ¨(n) : H¨B¨ → B¨H¨ is a comonad distributive law, (U, αU ) is an object in the category of
ϕ¨(n)-bicomodules, then it means that (U, αU ) is both B-Hom-comodule (with notation u 7→ u[0] ⊗ u[1])
and H-Hom-comodule(with notation u 7→ u(0) ⊗ u(1)), and satisfies the following identity
u[0](0) ⊗ u[0](1) ⊗ u[1] = u(0)[0] ⊗ αH(u(1))
ϕ
⊗ αnB(α
−n−1
B (u(0)[1])
ϕ
).
We write the category of ϕ¨(n)-bicomodules by H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)), and write the category of B ⊗H-
Hom-comodules by Corep(B ⊗H), then we have the following property.
Proposition 4.7. For all integer n, H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)) is isomorphic to Corep(B ⊗H).
Proof. We define a functor Pn : Corep(B ⊗H)→ H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)) as follows:
• for any object (U, αU ) ∈ Corep(B ⊗H) (for any u ∈ U , the coaction U → U ⊗ (B ⊗H) is written
by u 7→
∑
u<0> ⊗ (u<1>B ⊗ u<1>H)), Pn(U, αU ) := (U, αU ), the coaction θ
U : U → U ⊗ H and
ρU : U → U ⊗B are given by:
θU (u) = u(0) ⊗ u(1) :=
∑
u<0> ⊗ εB(u<1>B)α
−1
H (u<1>H),
ρU (u) = u[0] ⊗ u[1] :=
∑
u<0> ⊗ α
n
B(u<1>B)εH(u<1>H);
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• for any morphism ̟ : (U, αU )→ (V, αV ), Pn(̟) := ̟.
Firstly, we have εH(u(1))u(0) = εB⊗H(u<1>)u<0> = αU (u), and θ
U (αU (u)) = αU (u(0)) ⊗ αH(u(1)).
Further, for any u ∈ U , we compute
αU (u(0))⊗∆H(u(1))
=
∑
αU (u<0>)⊗ εB(u<1>B)α
−1
H (u<1>H1)⊗ α
−1
H (u<1>H2)
=
∑
αU (u<0>)⊗ εB(u<1>B1)α
−1
H (u<1>H1
ϕ)εB(u<1>B2
ϕ)⊗ α−1H (u<1>H2)
=
∑
αU (u<0>)⊗ (εB ⊗ α
−1
H )(u<1>B ⊗ u<1>H)1 ⊗ (εB ⊗ α
−1
H )(u<1>B ⊗ α
−1
H (u<1>H)2)
=
∑
u<0><0> ⊗ εB(u<0><1>B)α
−1
H (u<0><1>H)⊗ εB(u<1>B)u<1>H
= θU (u(0))⊗ αH(u(1)).
Thus (U, αU , θ
U ) is a right H-Hom-comodule.
Secondly, we can show that (U, αU , ρ
U ) is a right B-Hom-comodule similarly.
Thirdly, we have
u(0)[0] ⊗ αH(u(1))
ϕ
⊗ αnB(α
−n−1
B (u(0)[1])
ϕ
)
=
∑
u<0><0> ⊗ εB(u<1>B)(u<1>H)
ϕ ⊗ εH(u<0><1>H)α
n
B(α
−1
B (u<0><1>B)
ϕ
)
=
∑
αU (u<0>)⊗ εB(u<1>B2
φ)α−1H (u<1>H2)
ϕ
⊗ εH(u<1>H1
φ)αnB(α
−1
B (u<1>B1)
ϕ
)
=
∑
αU (u<0>)⊗ εB(u<1>B1)α
−1
H (u<1>H1
ϕ)⊗ εH(u<1>H2)α
n−1
B (u<1>B2
ϕ)
= u[0](0) ⊗ u[0](1) ⊗ u[1].
At last, it is easily to show that P (̟) is both B-colinear and H-colinear for any morphism ̟ :
(U, αU )→ (V, αV ) in Corep(B ⊗H). Thus Pn is well defined.
Conversely, Define a functor Qn : H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n))→ Corep(B ⊗H) as follows:
• for any object (U, αU ) ∈ H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)), Qn(U, αU ) := (U, αU ), the coaction ς
U : U →
U ⊗ (B ⊗H) is given by:
ςU (u) = u<0> ⊗ u<1> :=
∑
α−1U (u(0)[0])⊗ (α
−n−1
B (u(0)[1])⊗ α
−1
H (u(1)));
• for any morphism ̟ : (U, αU )→ (V, αV ), Qn(̟) := ̟.
It is straightforward to check that Qn is well defined, and Pn is the inverse of Qn. 
Now assume that (B,αB) and (H,αH) are all Hom-bialgebras over k, ϕ : B ⊗H → H ⊗B a k-linear
map, ϕ¨(n) : H¨B¨ → B¨H¨ is defined as above. If we define B¨2, B¨0 and H¨2, H¨0 as in Lemma 4.2, then we
have the following conclusion.
Proposition 4.8. ϕ¨(n) : H¨B¨ → B¨H¨ is a monoidal comonad distributive law on H
i,j
(V eck) for any
n ∈ Z if and only if for any a, b ∈ B, h, g ∈ H, ϕ is a Hom-cotwistor and satisfies{
(M5)
∑
hϕgφ ⊗ aϕbφ =
∑
(hg)ϕ ⊗ (ab)ϕ;
(M6)
∑
1H
ϕ ⊗ 1B
ϕ = 1H ⊗ 1B.
Proof. ⇒: We only need to check (M5) and (M6). For any a, b ∈ B, h, g ∈ H , note that
ϕk⊗k ◦ (B¨2(k, k)⊗ idH) ◦ H¨2(k⊗B, k⊗B)
= (H¨2(k, k)⊗ idB) ◦ B¨2(k⊗H, k⊗H) ◦ (ϕk ⊗ ϕk).
Take the above identity to action at ((1k ⊗ α
−i−n−1
B (a))⊗ α
−i−1
H (h))⊗ ((1k ⊗ α
−j−n−1
B (b))⊗ α
−j−1
H (g)),
then we immediately get∑
αiH(α
−i
H (h)
ϕ
)αjH(α
−j
H (g)
φ
)⊗ αn+iB (a
−i
B (a)
ϕ
)αn+jB (α
−j
B (b)
φ
)
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=
∑
(hg)
ϕ
⊗ αnB((ab)
ϕ
),
which implies (M5). Similarly, the equation b) in Lemma 3.1 implies (M6).
⇐: Since Proposition 4.4, ϕ¨(n) is a comonad distributive law on H
i,j
(V eck).
For any (X,αX), (Y, αY ) ∈ H
i,j
(V eck), x ∈ X , y ∈ Y , a, b ∈ B, h, g ∈ H , we compute
(ϕX⊗Y ◦ (B¨2(X,Y )⊗ idH) ◦ H¨2(X ⊗B, Y ⊗B))(((x ⊗ a)⊗ h)⊗ ((y ⊗ b)⊗ g))
= ϕX⊗Y ((x ⊗ y)⊗ α
i
B(a)α
j
B(b)⊗ α
i
H(h)α
j
H(g))
=
∑
((x ⊗ y)⊗ αH(α
i
H(h)α
j
H(g))
ϕ
)⊗ αnB(α
−n−1
B (α
i
B(a)α
j
B(b))
ϕ
)
(M5)
=
∑
((x ⊗ y)⊗ αi+1H (h)
ϕ
α
j+1
H (g)
φ
)⊗ αnB(α
i−n−1
B (a)
ϕ
α
j−n−1
B (b)
φ
)
=
∑
((x ⊗ y)⊗ αiH(αH(h)
ϕ
)αjH(αH(g)
φ
))⊗ αn+iB (α
−n−1
B (a)
ϕ
)αn+jB (α
−n−1
B (b)
φ
)
= H¨2(X ⊗B, Y ⊗B)(
∑
((x⊗ αH(h)
ϕ
)⊗ (y ⊗ αH(g)
φ
))
⊗αiB(α
n
B(α
−n−1
B (a)
ϕ
))αjB(α
n
B(α
−n−1
B (b)
φ
)))
= (ϕX⊗Y ◦ (B¨2(X,Y )⊗ idH) ◦ H¨2(X ⊗B, Y ⊗B))(((x ⊗ a)⊗ h)⊗ ((y ⊗ b)⊗ g)),
thus condition a) in Lemma 3.1 holds. Samely, we have condition b). Thus ϕ¨(n) is a monoidal comonad
distributive law. 
Definition 4.9. If the Hom-cotwistor ϕ : B ⊗H → H ⊗B satisfies Eqs. (M5) - (M6), then we call ϕ a
monoidal Hom-cotwistor.
Theorem 4.10. Assume that (B,αB) and (H,αH) are two Hom-bialgebras over k, ϕ : B⊗H → H ⊗B
(with notation ϕ(b ⊗ h) =
∑
hϕ ⊗ bϕ) is a k-linear map satisfying ϕ ◦ (αB ⊗ αH) = (αH ⊗ αB) ◦ ϕ. For
any (X,αX) ∈ H
i,j
(V eck), if we define the natural transformation ϕ¨(n)X : H¨B¨(X)→ B¨H¨(X) by
ϕ¨(n)X : (X ⊗B)⊗H → (X ⊗H)⊗B, (x ⊗ b)⊗ h 7→
∑
(x⊗ αH(h)
ϕ
)⊗ αnB(α
−n−1
B (b)
ϕ
),
and define ∆B⊗H : B ⊗H → (B ⊗H)⊗ (B ⊗H), εB⊗H : B ⊗H → k by
∆B⊗H(b⊗ h) :=
∑
(b1 ⊗ h1
ϕ)⊗ (b2
ϕ ⊗ h2),
εB⊗H(b ⊗ h) := εB(b)εH(h), where b ∈ B, h ∈ H,
then the following statements are equivalent:
(1) Define the following monoidal structure in H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)):
θU⊗V : U ⊗ V → (U ⊗ V )⊗H, u⊗ v 7→ (u(0) ⊗ v(0))⊗ α
i
H(u(1))α
j
H(v(1)),
ρU⊗V : U ⊗ V → (U ⊗ V )⊗B, u⊗ v 7→ (u[0] ⊗ v[0])⊗ α
i
H(u[1])α
j
H(v[1]),
where U, V are all objects in H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)), u ∈ U , v ∈ V . The associativity constraint and the
unit constraint are same as H
i,j
(V eck). Then H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)) is a monoidal category.
(2) ϕ is a monoidal Hom-cotwistor;
(3) ϕ¨(n) : H¨B¨ → B¨H¨ is a monoidal comonad distributive law;
(4) H¨B¨ = (_ ⊗B)⊗H is a bicomonad in H
i,j
(V eck);
(5) B ⊗ H = (B ⊗ H,αB ⊗ αH ,∆B⊗H , εB⊗H ,mB⊗H , 1B ⊗ 1H) is a Hom-bialgebra over k, where
mB⊗H((a⊗ h)⊗ (b ⊗ g)) := ab⊗ gh;
(6) _⊗ (B ⊗H), the right tensor functor of B ⊗H, is a bicomonad in H
i,j
(V eck);
(7) Deine the monoidal structure in Corepi,j(B ⊗H):
θU⊗V (u ⊗ v) := u<0> ⊗ v<0> ⊗ α
i
B⊗H(u<1>)α
j
B⊗H(v<1>),
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where U, V are all B ⊗H-Hom-comodules, u ∈ U , v ∈ V , and define the associativity constraint and the
unit constraint in Corepi,j(B⊗H) be same as H
i,j
(V eck), then Corep
i,j(B⊗H) is a monoidal category.
Moreover, for any integer n, H
i,j
(V eck)
(H¨,B¨)(ϕ¨(n)) is monoidal isomorphic to Corepi,j(B ⊗H).
Proof. (1)⇔(3): See Theorem 3.5.
(2)⇔(3): See Theorem 4.6 and Proposition 4.8.
(3)⇔(4): See Lemma 3.4.
(2)⇒(5): Since Theorem 4.6, B⊗H is a Hom-coalgebra over k. Obviously B⊗H is also a Hom-algebra.
We only need to check that ∆B⊗H and εB⊗H are Hom-algebra morphisms.
For any a, b ∈ B, g, h ∈ H , it is a direct computation to check that
∆B⊗H(a⊗ h)∆B⊗H(b ⊗ g)
=
∑
((a1 ⊗ h1
ϕ)⊗ (a2
ϕ ⊗ h2))((b1 ⊗ g1
ϕ)⊗ (b2
ϕ ⊗ g2))
=
∑
(a1b1 ⊗ h1
ϕg1
ϕ)⊗ (a2
ϕb2
ϕ ⊗ h2g2)
(M5)
=
∑
((ab)1 ⊗ (hg)1
ϕ
)⊗ ((ab)2
ϕ
⊗ (hg)2)
= ∆B⊗H(ab ⊗ gh),
and
∆B⊗H(1H ⊗ 1H) =
∑
1B ⊗ 1H
ϕ ⊗ 1B
ϕ ⊗ 1H
(M6)
=
∑
1B ⊗ 1H ⊗ 1B ⊗ 1H ,
thus ∆B⊗H is a Hom-algebra morphism. Similarly, εB⊗H is also a Hom-algebra morphism.
(5)⇒(2): We only need to prove (M5) and (M6). For any a, b ∈ B, h, g ∈ H , since B ⊗ H is a
Hom-bialgebra, we immediately get that∑
(α−1B (a1)α
−1
B (b1)⊗ α
−1
H (h1)
ϕ
α−1H (g1)
ϕ
)⊗ (α−1B (a2)
ϕ
α−1B (b2)
ϕ
⊗ α−1H (h2)α
−1
H (g2))
=
∑
((α−1B (a)α
−1
B (b))1 ⊗ (α
−1
H (h)α
−1
H (g))1
ϕ
)⊗ ((α−1B (a)α
−1
B (b))2
ϕ
⊗ (α−1H (h)α
−1
H (g))2).
Use εB ⊗ idH ⊗ idB ⊗ εH to act at the both side of the above identity, we obtain (M5). Similarly one can
get (M6).
(5)⇔(6): See Theorem 4.3.
(6)⇔(7): See Theorem 4.3. 
5. Hom-entwining structures
Suppose that (A,αA) is a Hom-algebra over k. Then (A
∗cop, αA∗cop) is a Hom-coalgebra with the
following structures:
ε(f) := f(1A), ∆(f)(xy) := f(α
−2
A (yx)), αA∗cop(f) := f ◦ α
−1
A ,
where x, y ∈ A, f ∈ A∗cop.
Assume that (H,αH) is also a Hom-coalgebra over k. Then we have the following property.
Theorem 5.1. If ϕ : A∗cop ⊗ H → H ⊗ A∗cop is a k-linear map, then ϕ is a Hom-cotwistor if and
only if there is a k-linear map Φ : H ⊗ A → A ⊗H (with notation Φ(h ⊗ a) =
∑
aΦ ⊗ h
Φ), satisfying
(αA ⊗ αH) ◦ Φ = Φ ◦ (αH ⊗ αA) and the following identities:
(E1)
∑
aΦbΨ ⊗ αH(h
ΦΨ) =
∑
(ab)Φ ⊗ αH(h)
Φ;
(E2)
∑
αA(a)ΨΦ ⊗ h1
Φ ⊗ h2
Ψ =
∑
αA(aΦ)⊗ h
Φ
1 ⊗ h
Φ
2;
(E3)
∑
εH(h
Φ)aΦ = εH(h)a;
(E4)
∑
(1A)Φ ⊗ h
Φ = 1A ⊗ h,
where Φ = Ψ, a, b ∈ A, h ∈ H.
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Proof. Let Π = {Φ : H ⊗ A → A ⊗H is a linear map | Φ satisfies Eqs.(E1)-(E4), and (αA ⊗ αH) ◦ Φ =
Φ ◦ (αH ⊗ αA)}, and Ξ denote the collection of the Hom-cotwistors ϕ : A
∗cop ⊗H → H ⊗A∗cop.
For any ϕ ∈ Ξ, define a map ̺ : Ξ→ Π by ̺(ϕ) = Φ, where Φ is defined as follows
Φ(h⊗ a) =
∑
aΦ ⊗ h
Φ :=
∑
ei
ϕ
(a)ei ⊗ h
ϕ,
where a ∈ A, h ∈ H , ei and e
i are dual bases of A and A∗ respectively.
For any Φ ∈ Π, define a map σ : Π→ Ξ by σ(Φ) = ϕ, where ϕ is defined as follows
ϕ(f ⊗ h) =
∑
hϕ ⊗ fϕ :=
∑
f(eiΦ)h
Φ ⊗ ei,
where f ∈ A∗, h ∈ H , ei and e
i are dual bases of A and A∗ respectively.
Obviously ̺ is the inverse of σ. From now on, assume that ϕ ∈ Ξ and Φ ∈ Π are in correspondence
with each other.
(1) If ϕ ◦ (αA∗cop ⊗ αH) = (αH ⊗ αA∗cop) ◦ ϕ, then for any f ∈ A
∗, we have∑
f(αA(aΦ))⊗ αH(h
Φ) =
∑
ei
ϕ
(a)f(αA(ei))⊗ αH(h
ϕ)
=
∑
α−1A∗cop(f)
ϕ
(a)⊗ αH(h
ϕ)
=
∑
α−1A∗cop(f
ϕ)(a) ⊗ αH(h)
ϕ
=
∑
ei
ϕ
(αA(a))f(ei)⊗ αH(h)
ϕ
=
∑
f(αA(a)Φ)⊗ αH(h)
Φ,
which implies (αA ⊗ αH) ◦ Φ = Φ ◦ (αH ⊗ αA).
Conversely, if (αA ⊗ αH) ◦ Φ = Φ ◦ (αH ⊗ αA), then for any a ∈ A, we compute∑
αH(h
ϕ)⊗ αA∗cop(f
ϕ) =
∑
f(eiΦ)αH(h
Φ)⊗ αA∗cop(e
i)
=
∑
f(α−1A (ei)Φ)αH(h
Φ)⊗ ei
=
∑
f(α−1A (eiΦ))αH(h)
Φ
⊗ ei
=
∑
αA∗cop(f)(eiΦ)αH(h)
Φ
⊗ ei =
∑
αH(h)
ϕ
⊗ αA∗cop(f)
ϕ
.
(2) Moreover, if (M1) holds, then for any f ∈ A∗, a, b ∈ A, h ∈ H , we immediately get∑
αH(h)
ϕφ
⊗ f1
φ(αA(b))⊗ f2
ϕ(αA(a)) =
∑
αH(h
ϕ)⊗ fϕ1(αA(b))⊗ f
ϕ
2(αA(a)).
For one thing, we have ∑
αH(h)
ϕφ ⊗ f1
φ(αA(b))⊗ f2
ϕ(αA(a))
=
∑
αH(h)
ΦΨ ⊗ f(α−2A (αA(a)Φ)α
−2
A (αA(b)Ψ))⊗ 1k
=
∑
αH(h
ΦΨ)⊗ f(α−1A (aΦ)α
−1
A (bΨ))⊗ 1k
=
∑
αH(h
ΦΨ)⊗ αA∗cop(f)(aΦbΨ)⊗ 1k.
For another, we have∑
αH(h
ϕ)⊗ fϕ1(αA(b))⊗ f
ϕ
2(αA(a)) =
∑
αH(h
Φ)⊗ f(α−1A (ab)Φ)⊗ 1k
=
∑
αH(h)
Φ
⊗ f(α−1A ((ab)Φ))⊗ 1k
=
∑
αH(h)
Φ ⊗ αA∗cop(f)((ab)Φ)⊗ 1k.
Thus Eq.(E1) holds.
Conversely, if (E1) holds, we can show Eq.(M1).
(3) Be similar with (2), Eq.(E2) and (M2) can be deduced from each other.
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(4) If (M3) holds, then for any f ∈ A∗, a ∈ A, h ∈ H , we have∑
εH(h
ϕ)fϕ(a) = εH(h)f(a),
which implies ∑
εH(h
Φ)f(aΦ) = εH(h)f(a),
thus (E3) holds.
Conversely, (E3) also implies (M3).
(5) Be similar with (4), Eq.(E4) and (M4) can be deduced from each other. 
Definition 5.2. Suppose that (A,αA) is a Hom-algebra, (H,αH) is a Hom-coalgebra over k. If there is
a k-linear map Φ : H ⊗A→ A⊗H (with notation Φ(h⊗ a) =
∑
aΦ ⊗ h
Φ), satisfying (αA ⊗ αH) ◦ Φ =
Φ ◦ (αH ⊗ αA) and Eqs.(E1)-(E4), then we call Φ a Hom-entwining map, and call the triple (H,A,Φ) a
(right-right) Hom-entwining structure over k.
Definition 5.3. Assume that n is an integer in Z, (H,A,Φ) a (right-right) Hom-entwining structure,
(U, αU ) is both a right A-Hom-module and a right H-Hom-comodule. If the following identity
ρU (u · a) =
∑
u(0) · αA(aΦ)⊗ α
−n
H (α
n+1
H (u(1))
Φ
) (5.1)
holds for all a ∈ A, h ∈ H , u ∈ U , then we call (U, αU ) an n-th Hom-entwined module or an n-th
Φ-module. The category of n-th Hom-entwined modules and A-linear H-colinear maps is denoted by
M(Φ)HA (n).
Example 5.4. (1) If (H,A,Φ) is a Hom-entwining structure over k, then H⊗A is an n-th Hom-entwined
module under the following structures
ρH⊗A(h⊗ a) =
∑
(h1 ⊗ α
n+1
A (α
−n
A (a)Φ))⊗ h2
Φ,
(h⊗ a) · x = αH(h)⊗ aα
−1
A (x),
where a, x ∈ A, h ∈ H .
Proof. It is easy to get that H ⊗A is both an A-Hom-module and an H-Hom-comodule. We only check
Eq. (5.1). For any a, x ∈ A, h ∈ H , we compute as follows:
ρH⊗A((h⊗ a) · x) = ρH⊗A(αH(h)⊗ aα
−1
A (x))
=
∑
(αH(h1)⊗ α
n+1
A ((α
−n
A (a)α
−n−1
A (x))Φ))⊗ αH(h2)
Φ
E1
=
∑
(αH(h1)⊗ α
n+1
A (α
−n
A (a)Φ)α
n+1
A (α
−n−1
A (x)Ψ))⊗ αH(h2
ΦΨ)
=
∑
(αH(h1)⊗ α
n+1
A (α
−n
A (a)Φ)xΨ)⊗ α
−n
H (α
n+1
H (h2
Φ)Ψ)
=
∑
(h1 ⊗ α
n+1
A (α
−n
A (a)Φ)) · αA(xΨ)⊗ α
−n
H (α
n+1
H (h2
Φ)Ψ)
=
∑
(h⊗ a)(0) · αA(xΨ)⊗ α
−n
H (α
n+1
H ((h⊗ a)(1))
Ψ).
Thus H ⊗A is an object in M(Φ)HA (n). 
(2) Similarly, if (H,A,Φ) is a Hom-entwining structure over k, then A ⊗H is an n-th Hom-entwined
module under the following structures
ρA⊗H(a⊗ h) = (αA(a)⊗ h1)⊗ α
−n
H (h2),
(a⊗ h) · x =
∑
a(αA(x)Φ)⊗ αH(h)
Φ
,
where a, x ∈ A, h ∈ H .
(3) If all the Hom-structure map α = id, then the Hom-entwining structure is the usual entwining
structure, and the n-th Hom-entwined modules are usual entwined modules.
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(4) Assume that (H,αH) is a Hom-bialgebra over k, n is an integer. If we define Φ by
Φ : H ⊗H −→ H ⊗H
h⊗ g 7−→ α−1H (g1)⊗ α
−1
H (h)α
n
H(g2),
where h, g ∈ H , then it is a direct computation to check that (H,H,Φ) is a Hom-entwining structure.
Further, (U, αU ) is an object in M(Φ)
H
H(n) means that
ρ(u · h) = u[0] · h1 ⊗ u[1]h2, u ∈ U, h ∈ H,
which implies the n-th Hom-entwined modules are actually Hom-Hopf modules over H .
(5) If we take (A,αA) = (k, idk), and Φ : H ⊗ k→ k⊗H is defined as idH , then it is easy to get that
Φ is a Hom-entwining map. Further, note that if (U, αU ,↼) is a right k-Hom-module, then we have
u ↼ λ = λαU (u)
for any u ∈ U and λ ∈ k. Thus for any n ∈ Z, (U, αU ) is an object in M(Φ)
H
k
(n) means that
ρ(u · λ) = u[0] · λ⊗ αH(u[1]),
which implies M(Φ)H
k
(n) =MH .
(6) Similarly, if we take (H,αH) = (k, idk), and Φ : k⊗A→ A⊗ k is defined as idA, then it is easy to
get that Φ is a Hom-entwining map, and M(Φ)kA(n) is identified to MA for any n ∈ Z.
Recall from Theorem 5.1, if Φ : H ⊗ A → A ⊗ H is a Hom-entwining map, then there is a Hom-
cotwistor ϕ : A∗cop ⊗ H → H ⊗ A∗cop. Thus for n ∈ Z, we can get a comonad distributive law
ϕ¨(n) : H¨ ◦ A¨∗cop → A¨∗cop ◦ H¨ .
Proposition 5.5. M(Φ)HA (n) and H
i,j
(V eck)
(H¨,A¨∗cop)(ϕ¨(n)) are isomorphic.
Proof. We define a functor Rn :M(Φ)
H
A (n)→ H
i,j
(V eck)
(H¨,A¨∗cop)(ϕ¨(n)) as follows:
• for any object (U, αU ) ∈ M(Φ)
H
A (n) (suppose that the H-coaction is given by u 7→ u(0) ⊗ u(1), and
the A-action is given by u⊗ a 7→ u ·a), Rn(U) := U as a k-module, and the H¨-comodule structure is also
defined by u 7→ u(0) ⊗ u(1), the A¨
∗cop-comodule structure is defined by
u 7→ u[0] ⊗ u[1] :=
∑
m · ei ⊗ e
i,
where u ∈ U , ei and e
i are dual bases of A and A∗ respectively;
• for any morphism ̟ : (U, αU )→ (V, αV ), Rn(̟) := ̟.
Obviously U is an A¨∗cop-comodule under the above structure. Then we compute∑
u(0)[0] ⊗ αH(u(1))
ϕ
⊗ αnA∗cop(α
−n−1
A∗cop (u(0)[1])
ϕ
)(a)
=
∑
u(0)[0] ⊗ αH(u(1))
ϕ
⊗ (α−n−1A∗cop (u(0)[1])
ϕ
)(α−nA (a))
=
∑
u(0)[0] ⊗ u(0)[1](α
n+1
A (α
−n
A (a)Φ))αH(u(1))
Φ ⊗ 1k
=
∑
u(0) · α
n+1
A (α
−n
A (a)Φ)⊗ αH(u(1))
Φ
⊗ 1k
=
∑
u(0) · αA(aΦ)⊗ α
−n
A (α
n+1
H (u(1))
Φ
)⊗ 1k
=
∑
(u · a)(0) ⊗ (u · a)(1) ⊗ 1k = u[0](0) ⊗ u[0](1) ⊗ u[1](a),
hence Rn is well defined.
Conversely, define a functor Tn : H
i,j
(V eck)
(H¨,A¨∗cop)(ϕ¨(n))→M(Φ)HA (n) as follows:
• for any object (U, αU ) ∈ H
i,j
(V eck)
(H¨,A¨∗cop)(ϕ¨(n)) (suppose that the H¨-coaction is given by u 7→
u(0) ⊗ u(1), and the A¨
∗cop-coaction is given by u 7→ u[0] ⊗ u[1]), Tn(U) := U as a k-module, and the
H-Hom-comodule structure is also defined by u 7→ u(0)⊗u(1), the A-Hom-module structure is defined by
u · a 7→ u[1](a)u[0], where u ∈ U, a ∈ A;
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• for any morphism ̟ : (U, αU )→ (V, αV ), Rn(̟) := ̟.
It is a straightforward computation to check that Tn is well defined and Tn is the inverse of Rn. This
completes the proof. 
Corollary 5.6. If Φ : H ⊗A→ A⊗H is a Hom-entwining map, then A∗cop ⊗H has a Hom-coalgebra
structure over k. Further, for any n ∈ Z, M(Φ)HA (n) is isomorphic to the category Corep(A
∗cop ⊗H).
Proof. Since Theorem 5.1, a Hom-entwining map Φ is in correspondence with a Hom-cotwistor ϕ. Then
from Theorem 4.6, there is a Hom-coalgebra structure over A∗cop ⊗H which is induced by ϕ.
Moreover, combining Proposition 4.7 and Proposition 5.5, we immediately get that M(Φ)HA (n)
∼=
Corep(A∗cop ⊗H). 
Definition 5.7. Suppose that H , A are all Hom-bialgebas over k, and Φ : H ⊗ A → A ⊗H is a Hom-
entwining map. If Φ satisfies{
(E5)
∑
a1Φ ⊗ a2Ψ ⊗ α
2
H(h)
Φ
α2H(g)
Ψ
=
∑
aΦ1 ⊗ aΦ2 ⊗ α
2
H((hg)
Φ
);
(E6)
∑
εA(aΦ)(1H)
Φ = εA(a)1H ,
for any h, g ∈ H , a ∈ A, then the triple (H,A,Φ) is called a Hom-monoidal entwining datum.
Note that if (A,αA) is a Hom-bialgebra over k, then (A
∗cop, αA∗cop) is also a Hom-bialgebra under the
following structures:
1A∗cop := ε, (f ∗ g)(y) := f(α
−2
A (y1))g(α
−2
A (y2)),
ε(f) := f(1A), ∆(f)(xy) := f(α
−2
A (yx)), αA∗cop(f) := f ◦ α
−1
A ,
where x, y ∈ A, f ∈ A∗cop.
Proposition 5.8. Suppose that H, A are all Hom-bialgebas. Then there is a k-linear map Φ : H ⊗A→
A ⊗ H such that (H,A,Φ) is a Hom-monoidal entwining datum if and only if there is a k-linear map
ϕ : A∗cop ⊗H → H ⊗A∗cop such that ϕ is a monoidal Hom-cotwistor.
Proof. Recall from Theorem 5.1 that a Hom-entwining map Φ : H ⊗ A → A ⊗ H is equivalent to a
Hom-cotwistor ϕ : A∗cop ⊗H → H ⊗A∗cop. We only need to check that Φ satisfies Eqs.(E5) and (E6) if
and only if ϕ satisfies Eqs.(M5) and (M6).
If Φ satisfies Eq.(E5), then we have∑
(hg)ϕ ⊗ (f ∗ f ′)ϕ(a) =
∑
(hg)Φ ⊗ (f ∗ f ′)(aΦ)
=
∑
(hg)Φ ⊗ f(α−2A (aΦ1))f
′(α−2A (aΦ2))
E5
=
∑
α−2H (α
2
H(h)
Φ
α2H(g)
Ψ
)⊗ f(α−2A (a1Φ))f
′(α−2A (a2Ψ))
=
∑
hΦgΨ ⊗ f(α−2A (a1)Φ)f
′(α−2A (a2)Ψ)
=
∑
hϕgφ ⊗ (fϕf ′φ)(a)
for any h, g ∈ H , f, f ′ ∈ A∗, a ∈ A. Thus Eq.(M5) holds.
Conversely, one can show Eq.(E5) from (M5).
Similarly, Eq.(E6) and (M6) can be induced by each other. 
Define the following monoidal structure in M(Φ)HA (n):
• the associativity constraint and the unit constraint in M(Φ)HA (n) is same as H
i,j
(V eck);
• for any (U, αU ), (V, αV ) ∈M(Φ)
H
A (n), the A-action and H-coaction on (U ⊗V, αU ⊗αV ) is given by
(u⊗ v) · a := u · α−i−2A (a1)⊗ v · α
−j−2
A (a2),
(u ⊗ v)(0) ⊗ (u⊗ v)(1) := (u(0) ⊗ v(0))⊗ α
i
H(u(1))α
j
H(v(1));
• the tensor product of two arrows f, g ∈ M(Φ)HA (n) is given by the tensor product of k-linear
morphisms.
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Theorem 5.9. For any n ∈ Z, (M(Φ)HA (n),⊗, k, a, l, r) is a monoidal category under the above structures
if and only if (H,A,Φ) is a Hom-monoidal entwining datum.
Proof. ⇒: Assume thatM(Φ)HA (n) is a monoidal category. Since (k, idk) ∈ M(Φ)
H
A (n), one gets Eq.(E6).
Let us to show Eq.(E5). Since Example 5.4(1),H⊗A is an object inM(Φ)HA (n). Then (H⊗A)⊗(H⊗A)
is also an object in M(Φ)HA (n), which implies
ρ(H⊗A)⊗(H⊗A)(((α−n−i−2H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A)) · a)
=
∑
((α−n−i−2H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A))(0) · αA(aΦ)
⊗α−nH (α
n+1
H (((α
−n−i−2
H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A))(1))
Φ
)
for any h, g ∈ H , a ∈ A.
Note that
ρ(H⊗A)⊗(H⊗A)(((α−n−i−2H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A)) · a)
=
∑
α−n−i−1H (h1)⊗ α
n+1
A (α
−n−i−2
A (a1)Φ)⊗ α
−n−j−1
H (g1)⊗ α
n+1
A (α
−n−j−2
A (a2)Ψ)
⊗αiH(α
−n−i−1
H (h2)
Φ
)αjH(α
−n−j−1
H (g2)
Ψ
)
=
∑
α−n−i−1H (h1)⊗ α
−i−1
A (a1Φ)⊗ α
−n−j−1
H (g1)⊗ α
−j−1
A (a2Ψ)⊗ α
−n−2
H (αH(h2)
Φ)α−n−2H (αH(g2)
Ψ),
and ∑
((α−n−i−2H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A))(0) · αA(aΦ)
⊗α−nH (α
n+1
H (((α
−n−i−2
H (h)⊗ 1A)⊗ (α
−n−j−2
H (g)⊗ 1A))(1))
Φ
)
=
∑
α−n−i−1H (h1)⊗ α
−i−1
A (aΦ1)⊗ α
−n−j−1
H (g1)⊗ α
−j−1
A (aΦ2)⊗ α
−n
H ((α
−1
H (h)α
−1
H (h))
Φ),
then consequently,∑
α−n−i−1H (h1)⊗ α
−i−1
A (a1Φ)⊗ α
−n−j−1
H (g1)⊗ α
−j−1
A (a2Ψ)⊗ α
−n−2
H (αH(h2)
Φ
)α−n−2H (αH(g2)
Ψ
)
=
∑
α−n−i−1H (h1)⊗ α
−i−1
A (aΦ1)⊗ α
−n−j−1
H (g1)⊗ α
−j−1
A (aΦ2)⊗ α
−n
H ((α
−1
H (h)α
−1
H (h))
Φ).
Applying εH ⊗ α
i+1
A ⊗ εH ⊗ α
j+1
A ⊗ α
n+2
H on the both sides of the above equation, one gets Eq.(E5).
⇐: Straightforward. 
Corollary 5.10. If (H,A,Φ) is a Hom-monoidal entwining datum, then for any f, f ′ ∈ A∗, x, y, h ∈ H,
A∗cop ⊗H admits the following Hom-bialgeba structure:
∆̂(f ⊗ h) :=
∑
(f2 ⊗ h1
ϕ)⊗ (f1
ϕ ⊗ h2), ε̂(f ⊗ h) := εH(h)f(1A),
αA∗cop⊗H = αA∗ ⊗ αH , (f ⊗ x)(f
′ ⊗ y) := f ∗ f ′ ⊗ xy, 1A∗cop⊗H := εH ⊗ 1A,
where ϕ : A∗cop ⊗H → H ⊗A∗cop is induced by Φ.
Further, for any n ∈ Z, M(Φ)HA (n) is monoidal isomorphic to the category Corep
i,j(A∗cop ⊗H). Or
equivalently, M(Φ)HA (n) and H
i,j
(V eck)
(H¨,A¨∗cop)(ϕ¨(n)) are monoidal isomorphic.
Proof. Straightforward from Proposition 5.8 and Theorem 4.10. 
6. Applications
6.1. Hom-Doi-Hopf modules.
Let (H,αH) be a Hom-bialgebra. A Hom-algebra (A,αA) is called a right H-comodule algebra if A is
a right H-comodule via ρ, and
(ab)(0) ⊗ (ab)(1) = a(0)b(0) ⊗ a(1)b(1), (1A)(0) ⊗ (1A)(1) = 1A ⊗ 1H ,
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for all a, b ∈ A. A Hom-coalgebra (C,αC) is called a right H-module coalgebra if C is a right H-module
and
∆C(c · h) = c1 · h1 ⊗ c2 · h2, εC(c · h) = εC(c)εH(h),
for all h ∈ H, c ∈ C.
Suppose that (A,αA) is a right H-comodule algebra and (C,αC) is a right H-module coalgebra. For
any integer k ∈ Z, an object (U, αU ) is called a k-th Doi-Hopf module over (H,A,C) if U is a right
A-module and a right C-comodule satisfying
(u · a)[0] ⊗ (u · a)[1] = u[0] · a(0) ⊗ u[1] · α
k
H(a(1)),
for all a ∈ A and m ∈M . Moreover, we call (H,A,C) the Hom-Doi-Hopf datum.
The category of k-th Doi-Hopf modules over (H,A,C) and A-linear C-colinear homomorphisms will
be denoted by H(k)CA.
Let m be an integer in Z. If we define
Φ : C ⊗A −→ A⊗ C
c⊗ a 7−→ α−1A (a(0))⊗ α
−1
C (c) · α
m
H(a(1)),
where c ∈ C, a ∈ A, then it is a direct computation to check that (C,A,Φ) is a Hom-entwining structure.
Further, for n ∈ Z, (U, αU ) is an object in M(Φ)
C
A(n) means that
ρ(u · a) = u[0] · a(0) ⊗ u[1] · α
m−n
H (a(1)), u ∈ U, a ∈ A,
which implies the category of n-th Hom-entwined modules is actually the category of (m−n)-th Doi-Hopf
modules over (H,A,C), i.e., M(Φ)HH(n) = H(m− n)
C
A.
Recall from Theorem 5.1, for any f ∈ A∗, c ∈ C, the following Hom-cotwistor:
ϕ : A∗cop ⊗ C −→ C ⊗A∗cop
f ⊗ c 7−→
∑
f(α−1A (ei(0)))α
−1
C (c) · α
m
A (ei(1))⊗ e
i,
is deduced from Φ which is defined above, where
∑
ei ⊗ e
i are the dual bases of A and A∗. Hence
A∗cop ⊗ C is a Hom-coalgebra under the following structures:
∆̂(f ⊗ c) :=
∑
f1(α
−1
A (ei(0)))f2 ⊗ α
−1
C (c1) · α
m
A (ei(1))⊗ (e
i ⊗ c2),
αH∗cop⊗H = αH∗ ⊗ αH , ε̂(f ⊗ h) := εH(h)f(1H),
where f ∈ A∗, c ∈ C. We call this Hom-coalgebra A∗cop ⊗ C the m-th Doi-codouble of C and A.
Since Proposition 5.8 and Theorem 5.9, we have the following property.
Theorem 6.1. Supposed that (H,A,C) is a Hom-Doi-Hopf datum, (A,αA) and (C,αC) are all Hom-
bialgebras. Then the following statements are equivalent:
(1) for any c, d ∈ C, a ∈ A, Φ satisfies
a1(0) ⊗ a2(0) ⊗ (c · a1(1))(d · a2(1)) = a(0)1 ⊗ a(0)2 ⊗ (cd) · α
2
H(a(1)),
εA(a)1C = 1C · a(1)εA(a(0));
(2) (C,A,Φ) is a Hom-monoidal entwining structure;
(3) ϕ is a monoidal Hom-cotwistor;
(4) the m-th Doi-codouble A∗cop ⊗ C is a Hom-bialgebra under the following Hom-algebra structure:
(f ⊗ x)(f ′ ⊗ y) := f ∗ f ′ ⊗ xy, 1A∗cop⊗C := εA ⊗ 1C ,
where f, f ′ ∈ A∗, x, y ∈ C;
(5) H(k)CA is a monoidal category with the following structures:
• the associativity constraint and the unit constraint in H(k)CA is same as H
i,j
(V eck);
• for any (U, αU ), (V, αV ) ∈ H(k)
C
A, the Hom-module and Hom-comodule structure on U ⊗V are given
by
(u⊗ v) · a := u · α−i−2A (a1)⊗ v · α
−j−2
A (a2),
21
ρU⊗V (u⊗ v) := u[0] ⊗ v[0] ⊗ α
i
C(u[1])α
j
C(v[1]);
• the tensor product of two arrows f, g ∈ H(k)CA is given by the tensor product of k-linear morphisms.
Further, H(k)CA and Corep
i,j(A∗cop ⊗ C) are isomorphic as monoidal categories.
6.2. Hom-Long dimodules and Hom-D-equation.
Suppose that (H,αH) is a Hom-bialgebra over k. If (U, αU ) is both a right H-Hom-module and a right
H-Hom-comodule, and satisfies the following compatibility condition:
ρ(u · h) = u(0) · αH(h)⊗ αH(u(1)),
for all u ∈ U and h ∈ H , then we call (U, αU ) a Hom-Long dimodule. We denote by L
H
H the cate-
gory of Hom-Long dimodules, morphisms being H-linear and H-colinear (see [18] for more detail of the
dimodules).
Proposition 6.2. LHH is a monoidal category with the following structures:
• the associativity constraint and the unit constraint in LHH is same as H
i,j
(V eck);
• for any (U, αU ), (V, αV ) ∈ L
H
H , the Hom-module and Hom-comodule structure on U ⊗V are given by
(u⊗ v) · h := u · α−i−2H (h1)⊗ v · α
−j−2
H (h2),
ρU⊗V (u⊗ v) := u(0) ⊗ v(0) ⊗ α
i
H(u(1))α
j
H(v(1));
• the tensor product of two arrows f, g ∈ LHH is given by the tensor product of k-linear morphisms.
Proof. Straightforward. 
If we define Φ : H ⊗H → H ⊗H by Φ(c⊗ a) := a⊗ c for any c, a ∈ H , then it is a direct computation
to check that (H,H,Φ) is a Hom-monoidal entwining datum. Hence for any n ∈ Z, M(Φ)HH(n) is a
monoidal category. Further, (U, αU ) is an object in M(Φ)
H
H(n) means that
ρ(u · a) = u(0) · αH(a)⊗ αH(u(1)), u ∈ U, a ∈ H,
which implies M(Φ)HH(n) = L
H
H .
Recall from Proposition 5.8, Φ could induce the following monoidal Hom-cotwistor:
ϕ : H∗cop ⊗H −→ H ⊗H∗cop
f ⊗ h 7−→ h⊗ f,
where f ∈ H∗, h ∈ H . Obviously H∗cop ⊗ H is a Hom-bialgebra under the usual tensor structures.
We call this Hom-bialgebra H∗cop ⊗H the Hom-Long-codouble of H . Furthermore, since Corollary 5.10,
the category of Hom-Long dimodules is isomorphic to the corepresentations of H∗cop ⊗ H as monoidal
categories.
Recall from [27] that we have the following definition.
Definition 6.3. Let U be a vector space over k and R ∈ Endk(U ⊗ U). We say that R is a solution of
the D-equation if
R12R23 = R23R12
in Endk(U ⊗ U ⊗ U).
Theorem 6.4. Let (H,αH) be a Hom-bialgebra over k, L
H
H denote the category of Hom-Long dimodules
of H. For all integer m ∈ Z, if we define the following k-linear map
ξU,V : U ⊗ V −→ U ⊗ V
u⊗ v 7−→ α−1U (u) · α
m
H(v(1))⊗ α
−1
V (v(0)),
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where (U, αU ), (V, αV ) ∈ L
H
H , then ξ satisfies the following generalized Hom-type D-equation in H
i,j
(V eck):
(U ⊗ V )⊗W
ξU,V ⊗idW

aU,V,W
// U ⊗ (V ⊗W )
idU⊗ξV,W
// U ⊗ (V ⊗W )
a−1
U,V,W
// (U ⊗ V )⊗W
ξU,V ⊗idW

(U ⊗ V )⊗W
aU,W,V
// U ⊗ (V ⊗W )
idU⊗ξV,W
// U ⊗ (V ⊗W )
a−1
U,V,W
// (U ⊗ V )⊗W.
Proof. For any u ∈ U , v ∈ V , w ∈ W , since the following identities
((ξU,V ⊗ idW ) ◦ a
−1
U,W,V ◦ (idU ⊗ ξV,W ) ◦ aU,V,W )((u ⊗ u)⊗ w)
= ((ξU,V ⊗ idW ) ◦ a
−1
U,W,V )(α
i+1
U (u)⊗ (α
−1
V (v) · α
m−j−1
H (w(1))⊗ α
−j−2
W (w(0))))
= (α−1U (u) · α
m
H(v(1))⊗ α
−2
V (v(0)) · α
m−j−1
H (w(1)))⊗ α
−1
W (w(0))
= a−1U,V,W (α
i
U (u) · α
m+i+1
H (v(1))⊗ (α
−2
V (v(0)) · α
m−j−1
H (w(1))⊗ α
−j−2
W (w(0))))
= (a−1U,V,W ◦ (idU ⊗ ξV,W ))(α
i
U (u) · α
m+i+1
H (v(1))⊗ (α
−1
V (v(0))⊗ α
−j−1
W (w)))
= (a−1U,V,W ◦ (idU ⊗ ξV,W ) ◦ aU,W,V ◦ (ξU,V ⊗ idW ))((u ⊗ u)⊗ w),
the conclusion holds. 
Corollary 6.5. For all integer q ∈ Z, if we define the linear form ζ ∈ ((H∗cop ⊗H)⊗ (H∗cop ⊗H))∗ by
ζ(f ⊗ x, f ′ ⊗ y) := f(αqH(y))εH(x)f
′(1H),
then ζ satisfies the following D-type equation
ζ12 ∗ ζ23 = ζ23 ∗ ζ12,
where ζ12(a, b, c) = ζ(a, b)εH∗cop⊗H(c), ζ
23(a, b, c) = εH∗cop⊗H(a)ζ(b, c) for any a, b, c ∈ H
∗cop ⊗H.
Proof. For any f ⊗ x, f ′ ⊗ y, f ′′ ⊗ z ∈ H∗cop ⊗H , we compute
(ζ12 ∗ ζ23)(f ⊗ x, f ′ ⊗ y, f ′′ ⊗ z)
= ζ12(α−2H∗(f2)⊗ α
−2
H (x1), α
−2
H∗(f
′
2)⊗ α
−2
H (y1), α
−2
H∗(f
′′
2 )⊗ α
−2
H (z1))
ζ23(α−2H∗(f1)⊗ α
−2
H (x2), α
−2
H∗(f
′
1)⊗ α
−2
H (y2), α
−2
H∗(f
′′
1 )⊗ α
−2
H (z2))
= α−2H∗(f2)(α
q−2
H (y1))εH(x1)f
′
2(1H)εH(z1)f
′′
2 (1H)α
−2
H∗(f
′
1)(α
q−2
H (z2))εH(y2)f
′′
1 (1H)εH(x2)f1(1H)
= f(αqH(y))εH(x)f
′(αqH(z))f
′′(1H),
and
(ζ23 ∗ ζ12)(f ⊗ x, f ′ ⊗ y, f ′′ ⊗ z)
= ζ23(α−2H∗(f2)⊗ α
−2
H (x1), α
−2
H∗(f
′
2)⊗ α
−2
H (y1), α
−2
H∗(f
′′
2 )⊗ α
−2
H (z1))
ζ12(α−2H∗(f1)⊗ α
−2
H (x2), α
−2
H∗(f
′
1)⊗ α
−2
H (y2), α
−2
H∗(f
′′
1 )⊗ α
−2
H (z2))
= εH(x1)f2(1H)α
−2
H∗(f
′
2)(α
q−2
H (z1))εH(y1)f
′′
2 (1H)α
−2
H∗(f1)(α
q−2
H (y2))εH(x2)f
′
1(1H)εH(z2)f
′′
1 (1H)
= f(αqH(y))εH(x)f
′(αqH(z))f
′′(1H),
thus the conclusion holds. 
6.3. Hom-Yetter-Drinfeld modules and Hom-Yang-Baxter equation.
Let (H,αH) be a finite dimensional Hom-Hopf algebra over k, p be an intege in Z. Recall from [[38],
Proposition 3.3] that if (U, αU ) is both a right H-Hom-module and a right H-Hom-comodule, and satisfies
the following compatibility condition:
ρ(u · h) = u(0) · α
−1
H (h(21))⊗ S(α
p−2
H (h1))(α
−1
H (u(1))α
p−4
H (h22)), (6.3.1)
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for all u ∈ U and h ∈ H , then we call (U, αU ) a p-th right-right Yetter-Drinfeld module of H . We
denote by YDHH(p) the category of p-th right-right Yetter-Drinfeld modules, morphisms being H-linear
and H-colinear.
Note that YDHH(p) is a braided monoidal category with the following structures (see [[38], Proposition
3.5 and Theorem 3.6]):
• the associativity constraint and the unit constraint in YDHH(p) is same as H
i,j
(V eck);
• for any (U, αU ), (V, αV ) ∈ YD
H
H(p), the Hom-module and Hom-comodule structure on U ⊗ V are
given by
(u ⊗ v) · h := u · α−i−2(h1)⊗ v · α
−j−2(h2),
ρU⊗V (u⊗ v) := u(0) ⊗ v(0) ⊗ α
i(u(1))α
j(v(1));
• the tensor product of two arrows f, g ∈ YDHH(p) is given by the tensor product of k-linear morphisms;
• for any U, V ∈ YDHH(p), u ∈ U , v ∈ V , the braiding is given by
τU,V : U ⊗ V → V ⊗ U, u⊗ v 7→ α
j−i−1
V (v(0))⊗ α
i−j−1
U (u) · α
−p(v(1)).
Let m be any integer in Z. If we define
Φ : H ⊗H −→ H ⊗H
c⊗ a 7−→ α−2H (a21)⊗ S(α
m−2
H (a1)(α
−2
H (c)α
m−4
H (a22)),
where c, a ∈ H , then it is a direct computation to check that (H,H,Φ) is a Hom-monoidal entwining
datum, thusM(Φ)HH(n) is a monoidal category. Further, for any n ∈ Z, (U, αU ) is an object inM(Φ)
H
H(n)
means that
ρ(u · h) = u(0) · α
−1(h(21))⊗ S(α
m−n−2(h1))(α
−1(u(1))α
m−n−4(h22)), u ∈ U, h ∈ H,
which implies M(Φ)HH(n) = YD
H
H(m− n).
Recall from Proposition 5.8, Φ could induce the following monoidal Hom-cotwistor:
ϕ : H∗cop ⊗H −→ H ⊗H∗cop
f ⊗ h 7−→
∑
f(α−2H (ei21))S(α
m−2
H (ei1))(α
−2
H (h)α
m−4
H (ei22))⊗ e
i,
where f ∈ H∗, h ∈ H ,
∑
ei ⊗ e
i are the dual bases of H and H∗. Hence H∗cop ⊗H is a Hom-bialgebra
under the following structures:
∆̂(f ⊗ h) :=
∑
(f1(α
−2
H (ei21))f2 ⊗ S(α
m−2
H (ei1))(α
−2
H (h1)α
m−4
H (ei22)))⊗ (e
i ⊗ h2),
αH∗cop⊗H = αH∗ ⊗ αH , ε̂(f ⊗ h) := εH(h)f(1H),
(f ⊗ x)(f ′ ⊗ y) := f ∗ f ′ ⊗ xy, 1H∗cop⊗H := εH ⊗ 1H ,
where f, f ′ ∈ H∗, x, y, h ∈ H . We call this Hom-bialgebra H∗cop ⊗ H the m-th Dinfeld codouble of H
(see [[38], Definition 5.2]). Furthermore, since Corollary 5.10, for any integer p, the category of p-th
Yetter-Drinfeld modules is isomorphic to the corepresentations of H∗cop ⊗H as monoidal categories.
Corollary 6.6. The family of maps τU,V for any U, V ∈ YD
H
H(p) is a solution of the following Hom-
Yang-Baxter equation:
(idW ⊗ τU,V ) ◦ aW,U,V ◦ (τU,W ⊗ idV ) ◦ a
−1
U,W,V ◦ (idU ⊗ τV,W ) ◦ aU,V,W
= aW,V,U ◦ (τW,V ⊗ idU ) ◦ a
−1
W,V,U ◦ (idV ⊗ τU,W ) ◦ aV,U,W ◦ (τU,V ⊗ idW ).
Proof. Straightforward. 
Proposition 6.7. H∗cop ⊗H has a coquasitriangular structure
ξ(f ⊗ x, f ′ ⊗ y) := f(α−m(y))ε(x)f ′(1H).
where f, g ∈ H∗, x, y ∈ H. Furthermore, Corepi,j(H∗cop ⊗H) and YDHH(p) are isomorphic as braided
monoidal categories.
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Proof. See [[38], Definition 5.2 and Theorem 5.4]. 
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